This paper is part of a longterm programme to develop combined Cauchy and characteristic codes as investigative tools in Numerical Relativity. In this, the third stage of the programme, attention is devoted to axi-symmetric systems possessing two spatial degrees of freedom. The method relies on being able to pass information backwards and forwards across an interface exterior to any central source present. Formulae are obtained which show how it is possible to relate the canonical forms of the interior Cauchy and exterior characteristic metric functions, and their derivatives, on the interface.
I. INTRODUCTION
This paper is the latest in a series concerned with developing combined Cauchy and characteristic codes for use as investigative tools in Numerical Relativity. The approach is aimed at dealing more readily with gravitational radiation from isolated systems. The proposed programme is in four stages: (i) demonstrating the viability of the approach in at space, (ii) vacuum cylindrical symmetry (as a prototype system with one spatial degree of freedom), (iii) axi-symmetric systems (possessing two spatial degrees of freedom) and (iv) the general case of three spatial degrees of freedom. In paper 1], the viability of the approach was demonstrated. It was shown that information can be successfully transferred between a central Cauchy region and an exterior compacti ed characteristic region across an interface in the case of the wave equation in at space in non-at coordinates. In 2] the theoretical background for vacuum cylindrical symmetry was discussed, and the numerical results were presented in the sequel 3]. In a preliminary paper for the axi-symmetric stage 4], attention was xed on the nature of polar slicing. In this paper we consider the theoretical background for the third stage of axial symmetry. The method relies on being able to pass information backwards and forwards across an interface exterior to any central source present. We take the interface I to be a timelike tube exterior to the central source, de ned, for convenience, by a constant value of some appropriate radial coordinate. The purpose of this paper is to relate the metric functions and their rst derivatives on the interface. We show that the details of the procedure are in fact rather intricate.
In sections II and III we derive the canonical forms for the metric in the interior and exterior regions (in part for completeness and in part because it is not easy to nd clear derivations in the literature). In Sec. IV we discuss the special case of axial symmetry. We rst consider the transformations in the outgoing direction, namely from the interior to the exterior. It proves simplest to proceed in two stages, namely axi-symmetric 3+1 to axi-symmetric a ne Bondi-Sachs (Sec. V) and then axi-symmetric a ne Bondi-Sachs to axi-symmetric Bondi-Sachs (Sec. VI). These two stages are then combined in Sec. VII. In Sec. VIII we present the results going the other way, namely from axi-symmetric BondiSachs to axi-symmetric 3+1. This does not lead to a unique prescription. In Sec. IX we show that uniqueness can be obtained going in this direction if we also adopt polar slicing. In a nal section, Sec. X, we summarize the results going both ways.
II. THE BONDI-SACHS METRIC
We shall throughout use lower case latin indices to range form 0 to 3, lower case greek from 1 to 3 and upper case latin from 2 to 3. We shall also adopt the signature (?; +; +; +). Let x 0 = u = constant denote a family of non-intersecting null hypersurfaces. The normal covariant vector eld`a = @ a u is necessarily null and sò a`a = g ab @ a u@ b u = 0;
(1) and it is both tangent and normal to each null hypersurface (see, for example 
for some proportionality factor !. This results in the three coordinate conditions 
which are equivalent to the covariant conditions g 11 = g 12 = g 13 = 0:
If we take ! = ?1, then it follows from (2){(4) that r is an a ne parameter and
Any other a ne parameter is of the form r = a(u; ; )r + b(u; ; ); 
then r is no longer an a ne parameter but rather a luminosity parameter for which the surface area of any 2-sphere (u = constant; r = constant) has the standard value of 4 r 2 . The line element still has the general form (11) but contains only six arbitrary functions in the four g 0a and the two g AB (that is the three g AB subject to the constraint (16)). The arbitrary functions can be explicitly parametrized, as in the general form of Bondi and Sachs (see for example 6]), but the general form (11), subject either to (12) or (16), will be su cient for our purposes in this paper.
III. 3+1 METRIC DECOMPOSITION
Consider a foliation of space-time into a family of spacelike hypersurfaces with unit orthogonal vector eld n a , i.e. n a n a = ?1:
Let t a be a rigging vector eld, i.e. one which is nowhere tangent to the foliation. Then t a can be decomposed into components parallel and orthogonal to n a , namely t a = n a + a ; (18) where is termed the lapse and a is termed the shift. The shift is tangent to the foliation and so satis es a n a = 0:
We next use the projection operator 
using (20) 
and using it and its inverse to lower and raise greek indices, the line element then takes on the canonical 3+1 form 
IV. AXIAL SYMMETRY
The axially symmetric form of the Bondi-Sachs metric is identical to (11), except that all the arbitrary functions g 00 ; g 01 ; g 0A ; g AB are independent of , i.e. 
then the line element can be written in the particular form, originally due to Bondi 7] , (30) where the four arbitrary functions V; U; ; are all functions of u; r; . Similarly, the condition for axial symmetry in the 3+1 case is the requirement that all ten metric functions are independent of , namely (33) This means that the six have been reduced to three functional degrees of freedom, namely ( 11 ; AB ), subject to (32). Again, these can be explicitly parametrized (see for example Schinder et al 9]), but it will be su cient or our purposes to use the general form (27). The determinant of the metric is given by jg ab j = ? (40) From now on we shall use AB and AB to lower and raise upper case latin indices. The remaining gauge freedom will be restricted at a later stage in terms of a condition relating the rst and second fundamental forms (such as maximal or polar slicing). In principle this involves a di erential constraint between the metric functions and so is quite di erent in character to the algebraic conditions we have employed up to now. Since our 3+1 metric form possesses this extra arbitrariness, it will be re ected in an arbitrariness in the transformation from Bondi-Sachs to the 3+1 form, as we shall see in Sec. VIII below.
V. AXI-SYMMETRIC 3+1 TO AXI-SYMMETRIC AFFINE BONDI-SACHS
It proves simplest to rst consider the transformation from axi-symmetric 3+1 to the a ne form of Bondi-Sachs. We take the interior coordinates to be (x a ) = (t; x ) = (t; r; x A ) = (t; r; ; ); 
We take the exterior coordinates to be ( x a ) = ( u; r; x A ) = ( u; r; ; );
and the form (11) for the exterior metric, namely
We may, without loss of generality and for later convenience, take the interface I to be de ned by both radial coordinates having the value 1. Moreover, we can use the time coordinate t to label the null hypersurfaces u = constant, and we can also insist that the angular coordinates are equal on I (though not necessarily o of I). Thus we require u = t; = ; = when r = r = 1:
This then implies 
In order to determine @x a @ x 1 on I, we write down conditions on I for the coordinate curves r = constant to be null rays in terms of the interior metric. Then the tangent vector X = @=@ r must be null
and orthogonal to @=@ and @=@ , which requires
Note that (48) is satis ed everywhere, whereas (49) is only satis ed on I. If we let X a = ( ; ; X A );
then (49) requires
and (48) 
We shall assume that in some neighbourhood of I > 0, or equivalently > 11 = p 11 , which is the condition for the null rays to be outgoing.
We have established from (47) and (53) 
then we obtain the special conditions (7). However, the algebra is much simpler if we choose = 1 so that X a = (1; ; ? A );
in which case we obtain the more general a ne conditions (9) . With either choice of , X a is tangent to an a nely parametrized null geodesic, so that r X X = 0:
Since we know the transformation matrix on I we can di erentiate within I to obtain all the second derivatives of the transformation on I apart from 
in which the righthand side of (70) is considered to be expressed in terms of the 3+1 metric variables ( ; ; ) and their rst derivatives, using (24), (27) 
VI. AXI-SYMMETRIC AFFINE BONDI-SACHS TO AXI-SYMMETRIC LUMINOSITY BONDI-SACHS
We take the luminosity Bondi-Sachs co-ordinates to be 
The non-vanishing second derivatives of the transformation on I are 
This can be used to determine the rst derivatives of the metric on I which, after some manipulation, are given by equations (169){(186) of Sec. X.
VIII. AXI-SYMMETRIC BONDI-SACHS TO AXI-SYMMETRIC 3+1
We can apply the techniques of the previous sections to go the other way. We shall simply quote the results which are 
It follows from (126) 
from which it is clear that the family may equivalently be parametrized by one of ; 1 ; or 11 . This is not surprising since the Bondi-Sachs form involves the four algebraic coordinate conditions (6) and (10), whereas the 3+1 form only involves the three algebraic coordinate conditions (32) and (33). We can obtain a unique 3+1 form if we either impose an additional algebraic condition or a di erential gauge condition (such as maximal or polar slicing) on 
g 11;1 = 2~ aỸ bg ab +Ỹ aỸ bỸ cg ab;c : (137) Thus they are both unknown since they depend on~ a . We next show how to determine these two terms in the speci c case of polar slicing.
IX. POLAR SLICING AND UNIQUENESS
In order to determine uniquely in attempting to go from axi-symmetric Bondi-Sachs to axi-symmetric 3+1, we require an additional constraint on the 3+1 metric. We show that polar slicing can provide this additional constraint. Polar slicing has been suggested by Piran and others 8,9,10] as a useful condition in Numerical Relativity when used in conjunction with a radial gauge. Polar slicing is the condition that the transverse part of the extrinsic curvature K vanishes. In a radial gauge it becomes trK = K r r ;
where r is a radial coordinate for which the area of a (t = constant; r = constant) 2-surface is 4 r 2 . It is useful because, for example, polar hypersurfaces in spherically symmetric spacetimes do not allow minimal 2-surfaces or apparent horizons to develop at a nite coordinate time if they are not present initially. It is also believed that polar slicing coupled with a radial gauge prevents a minimal 2-surface from developing in non-spherical collapse. This minimal 2-surface is an apparent event horizon and is only approached asymptotically. This means that less numerical e ort is wasted on dynamics going on inside the event horizon than would be the case if the usual maximal slicing condition had been employed.
In work on axi-symmetric rotating systems, the condition is only applied at the level of the extrinsic curvature. However, one of us has shown that it can be recast as an explicit condition on one component of the metric 4], speci cally 
This condition means that the 3+1 metric can be written explicitly in terms of the six arbitrary functions ( 2 ; 3 ; 11 ; AB ) subject to j AB j = r 
The condition (139) will enable us to determine ; 1;1 and 11;1 on the interface I. On I, the polar slicing condition becomes 1 = ?p 11 :
Substituting for 1 and 11 from (127) and (129) 
The negative root leads to an imaginary value for and so will be discarded. We shall simply write~ from now on (since it is de ned in terms of Bondi-Sachs quantities) to denote the positive root (145).
Starting from an axi-symmetric Bondi-Sachs metric then we can determine the axisymmetric polar sliced 3+1 form from (126){ (131) 
Thus, given an axi-symmetric Bondi-Sachs metric, then the axi-symmetric polar sliced 3+1 metric is given by (147){(152) and its rst derivatives by (201){(218) of Sec. X. Once 1;1 and 11;1 are known then (135){(137) can be used to determine~ a . However, we do not need explicit knowledge of these quantities to relate the rst and second fundamental forms on I. We collect the main results together in the next section.
X. SUMMARY OF RESULTS
First we consider the case of going from an axi-symmetric 3+1 metric g ab to an axisymmetric Bondi-Sachs metricg ab . The metric is given on I bỹ g 00 = g 00 ;
g 01 = (g 00 + g 01 ? AB g 0A g 0B ); 
Secondly, we consider the case of going from an axi-symmetric Bondi-Sachs metricg ab to an axi-symmetric polar sliced 3+1 metric g ab . The metric is given on I by g 00 =g 00 ;
